By obtaining intervals of the parameter l, this article investigates the existence of a positive solution for a class of nonlinear boundary value problems of second-order differential equations with integral boundary conditions in abstract spaces. The arguments are based upon a specially constructed cone and the fixed point theory in cone for a strict set contraction operator. MSC: 34B15; 34B16.
Introduction
The existence of positive solutions for second-order boundary value problems has been studied by many authors using various methods (see [1] [2] [3] [4] [5] [6] ). Recently, the integral boundary value problems have been studied extensively. Zhang et al. [7] investigated the existence and multiplicity of symmetric positive solutions for a class of p-Laplacian fourth-order differential equations with integral boundary conditions. By using Mawhin's continuation theorem, some sufficient conditions for the existence of solution for a class of second-order differential equations with integral boundary conditions at resonance are established in [8] . Feng et al. [9] considered the boundary value problems with one-dimensional (1D) p-Laplacian and impulse effects subject to the integral boundary condition. This study in this article is motivated by Feng and Ge [1] , who applied a fixed point theorem [10] in cone to the second-order differential equations.
Let E be a real Banach space with norm || · || and P ⊂E be a cone of E. The purpose of this article is to investigate the existence of positive solutions of the following second-order integral boundary value problem:
nonnegative, θ is the zero element of E.
The main features of this article are as follows. First, the author discusses the existence results in the case q C[0, 1], not q(t) = 0 as in [1] . Second, comparing with [1] , let us consider the existence results in the case l > 0, not l = 1 as in [1] . To our knowledge, no article has considered problem (1.1) in abstract spaces.
The organization of this article is as follows. In Section 2, the author provides some necessary background. In particular, the author states some properties of the Green function associated with problem (1.1). In Section 3, the main results will be stated and proved.
Basic facts about ordered Banach space E can be found in [10, 11] . In this article, let me just recall a few of them. The cone P in E induces a partial order on E, i.e., x ≤ y if and only if y -x P. P is said to be normal if there exists a positive constant N such that θ ≤ x ≤ y implies ||x|| ≤ N||y||. Without loss of generality, let us suppose that, in the present article, the normal constant N = 1. In the following, the author denotes Kuratowski's measure of noncompactness by a(·). Lemma 1.1 [10] Let K be a cone of Banach space E and K r, R = {x K, r ≤ ||x|| ≤ R}, R > r >0. Suppose that A:K r, R K is a strict set contraction such that one of the following two conditions is satisfied:
Then, A has a fixed point x K r, R such that r ≤ ||x|| ≤ R.
Preliminaries
To establish the existence and nonexistence of positive solutions in C[I, P] of (1.1), let us list the following assumptions, which will hold throughout this article:
, and for any r > 0, f is uniformly continuous on I × P r . f(t, P r ) is relatively compact, and there exist a, b L(I, R + ), and w C(R + , R + ), such that ||f(t, x)|| ≤ a(t) + b(t)w(||x||), a.e. t I, x P, where P r = P ∩ T r .
In the case of main results of this study, let us make use of the following lemmas. Lemma 2.1 Assume that (H) holds, then x is a nonnegative solution of (1.1) if and only if x is a fixed point of the following integral operator:
where Proof. By 
we get
Therefore,
Moreover, by G(0, s) = G(1, s) = 0, it is easy to verify that Tx(0) = 
For the Green's function G(t, s), it is easy to prove that it has the following two properties.
Proposition 2.1 For t, s I, we have 0 ≤ H(t, s) ≤ h(s) ≤ k 0 .
Proposition 2.2 For t, w, s I, we have H(t, t) ≥ e(s)H(w, s).
To obtain a positive solution, let us construct a cone K by
where
It is easy to see that K is a cone of C[I, E] and K r, R = {x K: r ≤ ||x|| ≤ R} ⊂K, K ⊂Q. Proof. Observing H(t, s) C(I × I) and f C(I × P, P), we can get Tu C(I, E). For any u K, we have (w) , t, w ∈ (0, 1), thus, T: K K. Therefore, by (H), it is easily seen that T C(K, K). On the other hand, let V = {u n } ∞ n=1 , be a bounded sequence, ||u n || c ≤ r, let M r = {w(v): 0 ≤ v ≤ r}, be (H), then we have
H(w, s)f (s, u(s))ds = e(t)Tu
K is a strict set contraction. The proof is complete.
Main results
Definition 3.1 Let P be a cone of real Banach space E. If P* = { E* |(x) ≥ 0, x P}, then P* is a dual cone of cone P. Write 
H(t, s)ds,
where b denotes 0 or ∞, P*, and |||| = 1. In this section, let us apply Lemma 1.1 to establish the existence of a positive solution for problem (1.1).
Theorem 3.1 Assume that (H) holds, P is normal and for any x P, A(f) ∞ >Bf 0 .
Then problem (1.1) has at least one positive solution in K provided
Proof. Let T be a cone preserving, strict set contraction that was defined by (2.1). According to (3.1), there exists ε > 0 such that
Considering f 0 < ∞, there exists r 1 > 0 such that ||f(t, x)|| ≤ (f 0 + ε)||x||, for ||x|| ≤ r 1 ,
x P, and t I. Therefore, for t I, x K, ||x|| c = r 1 , we have Therefore,
H(t, s) x(s) ds
≤ λ(f 0 + ε) x c 1 0
H(t, s)ds
Next, turning to (f) ∞ > 0, there exists r 2 >r 1 , such that (f(t, x(t))) ≥ [(f) ∞ -ε] ||x||, for ||x|| ≥ r 2 , x P, t I. Then, for t I, x K, ||x|| c = r 2 , we have by Proposition 2.2 and (2.8),
Applying (b) of Lemma 1.1 to (3.3) and (3.4) yields that T has a fixed point x * ∈ K r 1 ,r 2 , r 1 ≤ x * c ≤ r 2 and x*(t) ≤ e(t)x*(s) >θ, t I, s I. The proof is complete. Similar to the proof of Theorem 3.1, we can prove the following results. Theorem 3.2 Assume that (H) holds, P is normal and for any x P, A(f) 0 >Bf ∞ .
Proof. Considering (f) 0 > 0, there exists r 3 > 0 such that (f(t, x)) ≥ [(f) 0 -ε]||x||, for ||x|| ≤ r 3 , x P, t I.
Therefore, for t I, x K, ||x|| c = r 3 , similar to (3.3), we have
Using a similar method, we can get r 4 >r 3 , such that
Applying (a) of Lemma 1.1 to (3.3) and (3.4) yields that T has a fixed point x * ∈ K r 3 ,r 4 , r 3 ≤ x * c ≤ r 4 and x*(t) ≤ e(t)x*(s) >θ, t I, s I. The proof is complete. Theorem 3.3 Assume that (H) holds, P is normal and for any ||f(t, x)|| ≤ ||x||, ||x|| > 0. Then problem (1.1) has no positive solution in K provided lB < 1.
Proof. Assume to the contrary that x(t) is a positive solution of the problem (1.1). Then x K, ||x|| c > 0 for t I, and which is a contradiction, and completes the proof. Similarly, we have the following results. Theorem 3.4 Assume that (H) holds, P is normal and for any ||f(t, x)|| ≥ ||x||, ||x|| > 0 Then problem (1.1) has no positive solution in K provided lA > 1.
Remark 3.1 When q(t) ≡ 0, l = 1, the problem (1.1) reduces to the problem studied in [1] , and so our results generalize and include some results in [1] .
